In this contribution, we study the performances of discrete event systems modeled by (max,+) automata. More precisely, new representations for (max,+) automata are first proposed. From these, several performance indicators can be derived, in particular the maximum time execution and a minorant of the minimum execution time for a sequence of length n. Finally these results are discussed in comparison with several studies of the literature also dealing with performance evaluation of (max,+) automata.
INTRODUCTION
At a certain abstraction level, the dynamics of many systems is driven by decisions in reaction to events occurrences. We speak of Discrete Event Systems (DES), and typical examples are manufacturing systems, transportation networks, computer networks (Cassandras and Lafortune, 2008) . The motivations can be to identify properties, to analyze and/or to control DES. Different modeling formalisms are used in the literature. In particular, models using (max,+) algebra have been successfully applied to the performance evaluation of DES. Let us mention among others:
• the monograph (Baccelli et al., 1992) for DES which can be modeled by timed event graphs; • the articles (Gaubert, 1995) , (Su and Woeginger, 2011) for DES modeled by (max,+) automata.
The last two works use (max,+) automata as models in order to determine performance indicators, such as the maximum execution time and the minimum execution time for a sequence of n events, (resp. the maximum and minimum makespan). In this contribution, the framework is identical, that is, we are interested in performance analysis thanks to models corresponding to automata with weights in (max,+) algebra. More precisely, recursive equations over (max,+) algebra are proposed to model extremal behaviors of a (max,+) automaton. These constitute representations, which are, to the best of our knowledge, original, and which easily allow us to derive some performance indicators, among which the maximum execution time and a minorant for the minimum execution time. This paper is organized as follows. In the next section, preliminaries on dioids are recalled together with (max,+) automata and their properties. In Section 3, the new representations for (max,+) automata are introduced. These naturally lead to some performance evaluation elements described in Section 4. A conclusion and some prospects are given in Section 5.
PRELIMINARIES

Dioids
Necessary algebraic concepts on dioids are briefly recalled in this section, see the monographs (Baccelli et al., 1992) and (Heidergott et al., 2006) for an exhaustive presentation. A dioid is a semiring in which the addition ⊕ is idempotent. The addition (resp, the multiplication ⊗) has a unit element ε (resp, e). Example 1. The set (R ∪ {−∞}) with the maximum playing the role of addition and conventional addition playing the role of multiplication is a dioid, denoted R max , with e = 0 and ε = −∞. The set of n × n matrices with coefficients in R max , endowed with the matrix addition and multiplication conventionally defined from ⊕ and ⊗, is also a dioid, denoted R n×n max . The zero element for the addition is the matrix exclusively composed of ε (= −∞). We denote I n the zero element of the multiplication, which is the matrix with e (= 0) on the diagonal and ε (= −∞) elsewhere. 
(Max,+) automata
Automata with multiplicities in the R max semiring are called (max,+) automata. See (Gaubert, 1995) or (Gaubert and Mairesse, 1999) for a more complete introduction. A (max,+) automaton G is a quadruple (Q, Σ, α, µ) where 1
• Q and Σ are finite sets of states and of events ;
• α ∈ R 1×|Q| max is such that α q = ε if q is an initial state ;
• µ : Σ * → R |Q|×|Q| max is a morphism specified by the matrix family µ(a) ∈ R |Q|×|Q| max , a ∈ Σ, knowing that, for a string w = a 1 . . . a n , we have
where the matrix multiplication involved here, is the one of R |Q|×|Q| max . A coefficient [µ(a)]′ = ε means that, from state q, the occurrence of event a causes a state transition to q ′ .
A (max,+) automaton is said to be deterministic if
• it has a unique initial state, namely, there is a unique q ∈ Q such that α q = ε ;
• from each state, the occurrence of an event can not induce the occurrence of several possible state transitions, namely, if for all a ∈ Σ each line of µ(a) contains at most one element not equal to ε. For this example, we have Q = {I, II}, Σ = {a, b}, and
The possible events sequences are the strings : b, a, ab, ba, abb, bab, babb, abba, abab, . . .. We define x G (w) ∈ R 1×|Q| max by x G (w) = αµ(w). An element [x G (w)] q is interpreted as the date at which the state q is reached consecutively to the events sequence w from an initial state (with the convention that [x G (w)] q = ε if the state q is not reached consecutively to w). The elements of x G are generalized daters, and we have
(1)
NEW REPRESENTATIONS FOR (MAX,+) AUTOMATA
Two representations which are to the best of our knowledge original are proposed for deterministic or nondeterministic (max,+) automata. Indeed, the variables associated with (max,+) automata are different from daters considered in (1) since they only account for extremal behaviors.
Let us first introduce several notations. We define the set of triples H ⊂ Q × Σ × Q as follows:
A triple (q, a, q ′ ) belongs to H if there exists a state transition according to event a from state q to state q ′ . For a given event a ∈ Σ and state q ∈ Q, we define the set H a,q ⊂ H by:
We also define the set:
Set σ n,a,q contains the completion dates for sequences of length n, starting from an initial state, ending with event a and leading to state q, this set is a subset of R max and is a chain (that is a totally ordered set). Two representations presented below allow us to determine in particular:
• the maximum element of this subset, that is a performance indicator corresponding to the so-called worst-case behavior for the (max,+) automaton; • and a minorant of this subset, that is a performance indicator related to the so-called optimalcase behavior for the (max,+) automaton.
Representation corresponding to the worst-case behavior
We define the matrix denoted A as follows. Let A ∈ R |H|×|H| max , and for j = (p, a, q) ∈ H and k = (r, a 
and We have:
Notice that, by definition of (2), we have, for all
Then, we deduce that
We know that figure 1 . We have Q = {I, II}, Σ = {a, b}, and H = { (I, b, I ), (I, a, II) , (II, b, II) , (II, b, I )}. Vector x(n) is written as follows: (3) by: 
Example 6. Let us consider the non deterministic (max,+) automaton represented in
x(n) =    x I,b,I (n) x I,a,II (n) x II,b,II (n) x II,b,I (n)    .
Its initial value is defined according to
x(1) =    4 3 ε ε    .
It satisfies the recursive equation (4), that is:
   x I,b,I (n) x I,a,II (n) x II,b,II (n) x II,b,I (n)    =    4 ε ε 4 3 ε ε 3 ε 2 2 ε ε 6 6 ε   ⊗    x I,b,I (n − 1) x I,a,II (n − 1) x II,b,II (n − 1) x II,b,I (n − 1)    .
The following table contains the first values obtained thanks to this recurrence in
Representation related to the optimal case behavior
In this section, we define a representation in a very similar way to the previous section one, but over (min,+) algebra instead of (max,+) algebra. The reader must have in mind that ⊕ then represents the min operation and ε = +∞.
We define the matrix denoted A as follows :
min , for n ∈ N be defined iteratively by x(1), with for j = (p, a, q),
For all a ∈ Σ, q ∈ Q, figure 1 . Vector x(n) is written as follows:
Its initial value is defined according to (6) by:
It satisfies the recursive equation (7), that is: (in accordance with the proposition), but it is also the minimum element of this set.
The following table contains the first values obtained thanks to this recurrence in R
CONTRIBUTIONS TO THE PERFORMANCE EVALUATIONS OF DES
In what follows, we highlight some performance evaluation elements that are provided by the representations proposed in the previous section. We only focus on maximum and minimum execution time for a sequence of given length, which have previously been studied in the literature on (max,+) automata (Gaubert, 1995) , (Su and Woeginger, 2011) , (Gaubert and Mairesse, 1999) .
Maximum execution time for sequences of given length
For some systems, it is important to have knowledge of the maximum execution time for the sequences of given length n. Its calculation is presented in (Gaubert, 1995) as follows: Another computation method, using heap models, is presented in (Su and Woeginger, 2011) . In both cases the algorithmic complexity is polynomial (but lower with the second method). The representation given in Proposition 1, allows this indicator to be evaluated (with a polynomial complexity also since it only implies multiplications of matrices over R max ) as:
Note that it is possible to refine the indicator, by calculating the maximum completion date for a sequence of length n leading to a specific state q and ending by a given event a: 
Minimum execution time for sequences of given length
